
 

Lecture 3  

    Interpolation 

 
In the following we will learn how to get this polynomial representation for these 
descrete points. 
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The Lagrange interpolating polynomial is given by 
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where n  in )(xf n  stands for the thn  order polynomial that approximates the function )(xfy =  

given at 1+n  data points as ( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −− , and 
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)(xLi  is a weighting function that includes a product of 1−n  terms with terms of ij =  omitted.  

The application of Lagrange interpolation will be clarified using an example. 
 
Example 1 

Given the values  
𝑥 5 7 11 13 17 

𝑓(𝑥) 150 392 1452 2366 5202 
 evaluate f(9), using Lagrange’s formula 
Solution: 
Here given 5 points so the largest polynomial that we can get is from degree 4 

𝑃4(𝑥) =  ∑ 𝐿𝑖(𝑥) 𝑦𝑖  & 𝐿𝑖(𝑥)  = ∏
(𝑥 − 𝑥𝑘)

(𝑥𝑖 − 𝑥𝑘)

𝑛

𝑘=0
𝑘≠𝑖

4

𝑖=0

, 𝑛 𝑖𝑠 𝑛𝑜. 𝑜𝑓 𝑢𝑠𝑒𝑑 𝑝𝑜𝑖𝑛𝑡𝑠 

𝑃4(𝑥) =  𝐿0(𝑥) 𝑦0 + 𝐿1(𝑥) 𝑦1 + 𝐿2(𝑥) 𝑦2 + 𝐿3(𝑥) 𝑦3 + 𝐿4(𝑥) 𝑦4 

𝑃4(𝑥) =
(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥0 − 𝑥1)(𝑥0 − 𝑥2)(𝑥0 − 𝑥3)(𝑥0 − 𝑥4)
× 𝑦0

+  
(𝑥 − 𝑥0)(𝑥 − 𝑥2)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥1 − 𝑥0)(𝑥1 − 𝑥2)(𝑥1 − 𝑥3)(𝑥1 − 𝑥4)
× 𝑦1

+
(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥3)(𝑥 − 𝑥4)

(𝑥2 − 𝑥0)(𝑥2 − 𝑥1)(𝑥2 − 𝑥3)(𝑥2 − 𝑥4)
× 𝑦2

+
(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥4)

(𝑥3 − 𝑥0)(𝑥3 − 𝑥1)(𝑥3 − 𝑥2)(𝑥3 − 𝑥4)
× 𝑦3

+
(𝑥 − 𝑥0)(𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3)

(𝑥4 − 𝑥0)(𝑥4 − 𝑥1)(𝑥4 − 𝑥2)(𝑥4 − 𝑥3)
× 𝑦4 
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Example 2 

 
Comment: also we can get the value of  𝑓′(𝑥) = 3𝑥2 + 2𝑥 − 1 and  
𝑓′(3) = 3(32) + 2(3) − 1 = 32. 
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Example: 3 

 

 
 

Example 4 
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Example 5 
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Newton’s Divided Difference Polynomial Method 

To illustrate this method, linear and quadratic interpolation is presented first.  Then, the general 
form of Newton’s divided difference polynomial method is presented.  To illustrate the general 
form, cubic interpolation is shown in Figure 1. 

 
        Figure 1   Interpolation of discrete data. 

 
Linear Interpolation  

Given ),( 00 yx  and ),,( 11 yx  fit a linear interpolant through the data.  Noting )(xfy =  and 

)( 11 xfy = , assume the linear interpolant )(1 xf  is given by (Figure 2)  

 )()( 0101 xxbbxf −+=  

Since at 0xx = , 

 00010001 )()()( bxxbbxfxf =−+==  

and at 1xx = , 
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 )()()( 0110111 xxbbxfxf −+==  

                      )()( 0110 xxbxf −+=  

giving 
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giving the linear interpolant as 

 )()( 0101 xxbbxf −+=   

 )(
)()(

)()( 0

01

01

01 xx
xx

xfxf
xfxf −

−

−
+=  

 
         Figure 2   Linear interpolation. 

Quadratic Interpolation 

Given ),,( 00 yx  ),,( 11 yx  and ),,( 22 yx  fit a quadratic interpolant through the data.  Noting 

),(xfy =  ),( 00 xfy =  ),( 11 xfy =  and ),( 22 xfy = assume the quadratic interpolant )(2 xf  

is given by 

 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  

At 0xx = , 

 ))(()()()( 100020010002 xxxxbxxbbxfxf −−+−+==  

                       0b=  

           )( 00 xfb =  

At 1xx =  
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 ))(()()()( 110120110112 xxxxbxxbbxfxf −−+−+==  

            )()()( 01101 xxbxfxf −+=  

giving 
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At 
2xx =  

 ))(()()()( 120220210222 xxxxbxxbbxfxf −−+−+==  
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Giving 
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Hence the quadratic interpolant is given by 

 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  
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        Figure 4   Quadratic interpolation. 

 
General Form of Newton’s Divided Difference Polynomial 

In the two previous cases, we found linear and quadratic interpolants for Newton’s divided 
difference method.  Let us revisit the quadratic polynomial interpolant formula 

 ))(()()( 1020102 xxxxbxxbbxf −−+−+=  
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where 

 )( 00 xfb =  
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Note that ,0b ,1b  and 
2b  are finite divided differences. ,0b ,1b and 

2b  are the first, second, and 

third finite divided differences, respectively.  We denote the first divided difference by 

 )(][ 00 xfxf =  

the second divided difference by 
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and the third divided difference by 
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where ],[ 0xf ],,[ 01 xxf  and ],,[ 012 xxxf  are called bracketed functions of their variables 

enclosed in square brackets. 
Rewriting, 

 ))(](,,[)](,[][)( 1001200102 xxxxxxxfxxxxfxfxf −−+−+=  

This leads us to writing the general form of the Newton’s divided difference polynomial for 1+n  

data points, ( ) ( ) ( ) ( )nnnn yxyxyxyx ,,,,......,,,, 111100 −− , as 

 ))...()((....)()( 110010 −−−−++−+= nnn xxxxxxbxxbbxf  

where 

 ][ 00 xfb =  

 ],[ 011 xxfb =  

 ],,[ 0122 xxxfb =  

         
 ],....,,[ 0211 xxxfb nnn −−− =  

 ],....,,[ 01 xxxfb nnn −=  

where the definition of the thm  divided difference is 

 ],........,[ 0xxfb mm =  

      
0

011 ],........,[],........,[

xx

xxfxxf

m

mm

−

−
= −  

From the above definition, it can be seen that the divided differences are calculated recursively.   


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For an example of a third order polynomial, given ),,( 00 yx  ),,( 11 yx  ),,( 22 yx  and ),,( 33 yx  

))()(](,,,[

))(](,,[)](,[][)(

2100123

1001200103

xxxxxxxxxxf

xxxxxxxfxxxxfxfxf

−−−+

−−+−+=
 

 

 
          
           Figure 5   Table of divided differences for a cubic polynomial. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Example 6 
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Example 7 
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Example 8 

 

 



Lecture.3   Interpolation 

Page 13 of 13                                                                                                                  Dr. Ayman Fayez 

 
 
 

Newton’s Interpolation Formula for Equal Intervals 
 

 Let the function 𝑦 = 𝑓(𝑥) take the values 𝑦0, 𝑦1,, 𝑦𝑛 corresponding to the values 𝑥0, 𝑥1,, 𝑥𝑛 of 
x. Let these values of x be equispaced such that 𝑥𝑖 = 𝑥0 + 𝑖ℎ (𝑖 = 0,1, … . ). Assuming 𝑦(𝑥) to be a 
polynomial of the nth degree in 𝑥 such that 𝑦(𝑥0) = 𝑦0, 𝑦(𝑥1) = 𝑦1, … . , 𝑦(𝑥𝑛) = 𝑦𝑛 .  We can write 
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